We consider a flat Universe filled with a vacuum energy coupled to matter and radiation by respectively positive coupling functions Q m and Q r . We require that these functions be such as Universe exits from inflation to go to a radiation dominated epoch and allow to reproduce the observed ΛCDM expansion after this last epoch. These requirements lead to some necessary constraints on the coupling functions. We then look at one of the simplest forms of Q m and Q r able to satisfy them. The cosmological model thus defined describes a Universe with an initial singularity and endless alternated periods of accelerated and decelerated expansion (one of them being our ΛCDM Universe) unifying inflation and present time expansion acceleration.
Introduction
We consider a flat Universe filled with a vacuum energy [1] coupled to matter and radiation [2] by respectively positive coupling functions Q m and Q r . Couplings between dark energy and other species [31] have been used even before the dark energy discovery [3, 4] . They allowed to study various problems such as dark matter with varying mass [5] or the cosmological constant problem [6] . Some observational constraints on these coupled models have been proposed, mainly when radiation is negligible [7, 8, 9, 10] , based on supernovae, cosmological background radiation (CMB) and density perturbations. Coupling between dark energy and radiation has been specifically studied from the viewpoints of thermodynamics [11, 12, 13] , minimal noncanonical cosmologies [14] , flux destabilisation [15] or inflaton decay to radiation [16, 17] . In this paper we present a cosmological model able to describe the whole Universe history [2, 23, 24] by choosing Q m and Q r on the base of two physical constraints. The first constraint is that Q m and Q r allow an exit from inflation [18, 19, 20, 21, 22 ] to go to a radiation dominated Universe. Since Q m is positive, some vacuum energy is continuously cast into matter. To get a radiation dominated Universe after inflation, we thus have to control that matter stays negligible with respect to radiation [25, 26] until radiation dominated epoch. This requirement leads to a lower limit on the ratio Q r /Q m . The second constraint consists in finding some necessary conditions on Q m and Q r such as vacuum energy leads to a ΛCDM expansion after the radiation dominated epoch. Then, one of the simplest forms of Q m and Q r respecting these two constraints describes a Universe with an initial singularity and endless alternated phases of accelerated and decelerated expansion unifying inflation and present day expansion acceleration. The plan of the paper is as follows. In section 2, we write the field equations under the form of a dynamical system. In section 3, we look for some conditions on Q m and Q r necessary to satisfy the two above mentioned constraints. In section 4, we chose one of the simplest forms of Q m and Q r able to satisfy them. We then get a cosmological model with endless alternated phases of accelerated and decelerated expansion. We check that it is in agreement with some supernovae data and study its properties (age, periodicity, ΛCDM approximation, etc). We conclude in the last section.
Field equations
The field equations of General Relativity for a flat homogeneous and isotropic Universe filled with a dark energy coupled to matter and radiation write
H is the Hubble function and w, the dark energy equation of state. ρ m , ρ r and ρ d are respectively the densities of matter, radiation and dark energy. We choose this last one as a vacuum energy with w = −1. A dot means a derivative with respect to proper time t. We assume that Universe is expanding, i.e. H > 0, as indicated by observations. We also assume that the densities and coupling functions Q i are positive. As noted in [27] , positive coupling functions generally allow to alleviate the coincidence problem. In [28] it has also been found that when dark matter is fed by dark energy, the independent determinations of the Hubble constant and the amplitude of the linear power spectrum σ 8 agree for high and low redshift observations. In the opposite case, when dark matter is cast into dark energy, there are then some tensions between the determinations of these parameters at high and low redshift. Note also that in [27] , defining r m = ρ m /ρ d and r r = ρ r /ρ d , it is found that the positivity of the Q i implies that (ṙ m /r m ,ṙ r /r r ) < 3Hw, restricting the rate at which r m and r r could decrease with expansion.
To rewrite the field equations, we define the dimensionless variables
The present values of the density parameters Ω m , Ω r and Ω d are noted as Ω m0 for matter, Ω r0 for radiation and Ω d0 = 1 − Ω m0 − Ω r0 for vacuum energy. This last equality comes from equation (1) that gives the constraint
With the variables (5)- (9) , the field equations rewrite
A prime means a derivative with respect to N = ln a, a being the scale factor of the FLRW metric. We choose at present time a = 1 and thus N = 0. The q i and Ω i being, at least formally, some functions of the redshift z, the q i can also be considered as some functions of the Ω i . The dynamical system (11-12) is thus autonomous. For instance, when q i ∝ Ω i , we recover some classical forms of the coupling functions Q i ∝ Hρ i [29, 30] . Since the Hubble function H > 0, N is an increasing function of the proper time t and thus a time variable. Moreover, the assumption that energy densities are positive implies that (Ω m , Ω r , Ω d ) > 0. It then follows from the constraint (10) that the density parameters are also normalised i.e (Ω m , Ω r , Ω d ) < 1. The solutions to the field equations can thus be represented as trajectories in a finite part Ω m + Ω r < 1 of the phase space (Ω m , Ω r ). This part is plotted on figure 1 . It contains a set of points (Ω m , Ω r ) for which Universe expansion is accelerated, i.e. d 2 a/dt 2 > 0. This second derivative has the same sign asḢ H 2 + 1. This set of points is thus defined by:
It is independent from the coupling functions Q i and is plotted in gray on figure 1 . Finally, we define the slope s = dΩ r /dΩ m of a trajectory as 
3 Physical constraints on the coupling functions
We want to choose Q m and Q r on the bases of two physical constraints. The first one is that after inflation, Universe becomes radiation dominated. The second one is that vacuum energy leads to a ΛCDM expansion after the radiation dominated epoch, in agreement with observations. In this section, we derive some conditions on the coupling functions that are necessary to satisfy these two requirements.
3.1 A necessary condition on q r /q m to reach a radiation dominated epoch after inflation
The positive coupling between vacuum and matter means that vacuum is continuously cast into matter. If, after exciting from inflation, we want that Universe be radiation dominated such as (Ω m , Ω r ) → (Ω m(dom) << 1, Ω r(dom) ≃ 1), we thus have to restrain the increase of the matter density parameter with respect to this of the radiation. We are going to show that it implies a lower limit on q r /q m as a function of Ω m(dom) and Ω r(dom) . To calculate this limit, we start by considering the following inequalities:
• s < 0 when Ω ′ r > 0 All these inequalities require the same necessary condition to be respected:
The line defined by (15) is plotted on figure 1. This figure shows that a trajectory going from inflation to radiation dominated epoch necessarily crosses the line (15) once or several times. More specifically, we are interested by the part of this trajectory between its last crossing of the line (15) and the radiation dominated epoch in (Ω m(dom) , Ω r(dom) ). We call this part Π. On Π, we thus have that the slope s < q r /q m . Moreover, we also have that s = dΩ r /dΩ m has the same sign as Ω ′ r . Hence, Ω ′ m > 0 and Ω m is always increasing on Π 1 . This last inequality implies that a trajectory reaching (Ω m(dom) , Ω r(dom) ) must be such as Ω m < Ω m(dom) on Π. Otherwise, Ω m would be larger than Ω m(dom) and the radiation dominated epoch in (Ω m(dom) , Ω r(dom) ) could not be reached. Physically, this inequality is a constraint on the quantity of vacuum energy that can be cast into dark matter on Π. Note that such a constraint does not apply to radiation. If Ω r becomes larger than Ω r(dom) on Π, it can decrease to reach this last value with s < 0. This is thus the exchange between vacuum energy and matter that must be controlled on Π. Now let us assume that Π is a straight line. Then, its smallest possible slope is such as Π pass through the point having the largest value for Ω r on the curve (15), i.e. Ω r = 3/4 when Ω m = 0, and go to (Ω m(dom) , Ω r(dom) ). This slope is thus
s dom is very large since (Ω m(dom) << 1, Ω r(dom) ≃ 1). Any other straight line Π leaving (15) to reach (Ω m(dom) , Ω r(dom) ) will have a slope larger than 1 Remark that Qm > 0 means that dark energy is cast into matter not necessarily that ρ s dom . Any other curve Π that is not a straight line will have some parts of it with s < s dom and the other parts such as s > s dom . In particular, such a curve Π cannot reach the point (Ω m(dom) , Ω r(dom) ) by zigzagging in the (Ω m , Ω r ) plane, thus keeping its slope always such as s < s dom , since Ω ′ m > 0. It thus follows that the maximum slope s max on Π is always such as
We thus always have s > s dom during one or several finite periods of times on Π (the precise determination of these periods depends on the forms of the coupling functions). But we also know that above the curve (15), the slope s of a trajectory is always smaller than q r /q m = Q r /Q m . Consequently, a trajectory reaches the radiation dominated epoch in (
is respected during the above mentioned finite periods of time. If it is not respected, matter increases too much and, on such a trajectory, the radiation dominated epoch in (Ω m(dom) , Ω r(dom) ) cannot be reached after inflation. Hence, s dom being large, the condition (17) cannot be respected if q r ≃ q m . In contrast, one of the simplest forms of q i able to fill the condition (17) is q r = α with α a constant and q m = Ω m (since in this paper we consider q m = 0).
3.2 A necessary condition on q r and q m such as vacuum energy leads to a ΛCDM expansion
We want that vacuum energy leads to a ΛCDM expansion after the radiation dominated epoch. It means that the coupling functions Q m and Q r should be negligible 2 in the energy conservation equations (2-4) or q m and q r in equations (11) (12) . For this last requirement, a necessary condition is that q m and q r << 1. To define more precisely these last inequalities, we plot the phase space of the ΛCDM model on figure 2. We remark that after the radiation dominated phase, the trajectory corresponding to our Universe with at present time Ω m0 = 0.27 and Ω r0 = 8.27 × 10 −5 follows closely the lines Ω d = 0 and then Ω r = 0. It is plotted as a thick trajectory on figure 2. It is thus necessary that q r and q m << 1 along these lines such as Universe expansion could behave like the one of a ΛCDM model in agreement with some observations such as supernovae. 
A cosmological model with endless alternated phases of accelerated and decelerated expansion
Now we look at one of the simplest forms of q m and q r respecting the constraints defined in the two previous subsections. We choose to consider q m = Ω m Ω r Ω d and q r = αΩ r Ω d . We then have q r /q m = αΩ −1 m that can be as large as necessary to satisfy the condition (17) of subsection 3.1 and allows Universe to approach a radiation dominated epoch after inflation. We also have q m and q r << 1 along the trajectory followed by the standard ΛCDM model in agreement with observations, as suggested in subsection 3.2.
The equilibrium points of this cosmological model are
• (y 1 , y 2 ) = (0, 1) with eigenvalues (4 − α, 1). It corresponds to the radiation dominated epoch. We assume it is a saddle and thus take α > 4 .
• (y 1 , y 2 ) = (1, 0) with eigenvalues (−1, 3). It corresponds to the matter dominated epoch and is a saddle.
• (y 1 , y 2 ) = (0, 0) with eigenvalues (−3, −4 + α). It corresponds to the vacuum energy dominated epoch and is a saddle since we choose α > 4 .
• (y 1 , y 2 ) = (
The related eigenvalues are
When α > 4, these are purely imaginary numbers and this equilibrium point is thus a center(see [33] for instance).
There is no equilibrium sink point with α > 4. The trajectories of the phase space are homoclinic orbits (i.e. the orbits are closed curves) as shown on figure 3 . To choose some values of α, H 0 , Ω m0 and Ω r0 in agreement with observations, we use the supernovae of the Union data set [32] and we require that at the CMB redshift z = 1080, we recover the ΛCDM values Ω m (z = 1080) ≃ 0.75 and Ω r (z = 1080) ≃ 0.25. We then calculate the best fit by minimising the following χ 2
where n is the number of data points, m obs i and m th i respectively the observed and theoretical magnitudes of supernovae, σ i the error bars and the two last terms, the priors at the CMB redshift. On figure 4, we plot the variation of χ 2 with respect to H 0 , Ω m0 , Ω r0 and α. Remark that this last parameter is not degenerated i.e., χ 2 clearly varies with α. The coupled model best fits the supernovae data as well as the ΛCDM model when α = 4.4, H 0 = 70, Ω m0 = 0.27 and Ω r0 = 5.78 × 10 −4 . Remark that this value of the radiation density parameter is larger than the value predicted by the ΛCDM model. The corresponding trajectory in the phase space is shown as a thick trajectory on figure 3 and is the one we consider in the rest of this section.
To study the above model, we define an "epoch" as the period of time between two moments when the Ω i recover the same values. We also define without loss of generality, the beginning and thus the end of an epoch when Ω r reaches its smallest value before increasing. In the N time and for the above mentioned trajectory, an epoch then lasts N T = 82.6. During such an epoch, we have the following phases. At its beginning, expansion is accelerated, vacuum energy dominates and is cast into radiation whose parameter density Ω r increases quickly. This can be considered as an inflation phase. When it ends, expansion decelerates and Universe goes to a radiation dominated epoch (Ω r ≃ 1). Then, the radiation starts to decrease and the expansion to be approximated by a ΛCDM expansion (see below). Consequently, matter becomes the dominated species and then vacuum energy. A new accelerated expansion phase arises (comparable to the one in which we are today). When the radiation density parameter Ω r starts to increase again, the epoch ends and a new one starts. The same scheme lasting N T repeats endlessly in the past and the future. This cosmological model thus unified "late time" expansion acceleration and inflation that are respectively the beginning (until Ω ′ r > 0) and the end (from Ω ′ r > 0) of a same accelerated expansion period when the thick trajectory crosses the gray area of figure 3 .
Considering now the whole Universe evolution, the behaviours of density parameters and corresponding densities are plotted respectively on the first and second graph on figure 5. They show periodic behaviours in agreement with homoclinic orbits of figure 3. With the Hubble constant H 0 = 70, the Hubble function allows to calculate that Universe age is 13.8Gy in agreement with observations. Then in the past, when N → −∞ and the proper time tends to a constant, the densities diverge and we have a singularity. In the future, the densities vanish and still oscillate.
One recovers these oscillations in the Hubble function plotted on the first graph on figure 6. In agreement with the decreasing densities, it tends to vanish in the future. This will not prevent alternated phases of decelerated and accelerated expansion since it depends on the sign ofḢ H 2 + 1 and figure 3 shows that the trajectory periodically crosses the set of phase space points where expansion is accelerated. The Hubble function being such as d 2 N/dt 2 = H ′ H < 0, N T is an increasing period of time with respect to the proper time t. Hence, the epoch in which we are (−81 < N < 1.6) has a duration of 37.5Gy whereas the previous epoch (−163.6 < N < −81) lasted around 10 −43 y. The second graph on figure 6 shows the behaviour of the coupling functions that are also oscillating. They diverge in the past and vanish in the future. Hence, although q m and q r tend to vanish periodically when Ω d ≃ 0 or Ω r ≃ 0, this is not necessarily the case of the coupling functions Q m and Q r because of the presence of the Hubble function in the denominator of q m and q r . Consequently, ρ d can vary as shown on the second graph of figure  5 , even when q m or q r vanish. Moreover, this does not prevent expansion at each epoch to be well approximated by a ΛCDM expansion when the phase space trajectory is closed from Ω d = 0 or Ω r = 0 as explained below. Hence, as shown on figure 7 , most of the evolution of the Hubble function during our epoch (−81 < N < 1.6) can be approximated by the standard ΛCDM expansion (H 0 = 70, Ω m0 = 0.27 in agreement with supernovae data). In the same way, most of the evolution of the Hubble function during To understand how the Universe can be described by a ΛCDM expansion despite the variation of the coupling functions, we have compared numerically the coupling functions with the densities and their derivatives in each energy conservation equations. This is plotted on figure 8 for our epoch. Hence, concerning matter, Q m is always negligible in the energy conservation equation for ρ m that thus nearly behaves as e −3N like for the ΛCDM model. Concerning the radiation, Q r is dominating from the transition between two epochs to the radiation dominated phase (Ω r ≃ 1) and negligible otherwise. We then have ρ r ∝ e −4N from the radiation dominated phase to the end of an epoch as for a ΛCDM model. Concerning the dark energy, Q m + Q r is dominating when ρ d is negligible and has then no consequence on Universe expansion. When dark energy starts to dominates with respect to the other species, we have first
The variation of ρ d with respect to its amplitude is thus very small and ρ d is nearly a constant (this is the phase in which we are today). Then, Q m + Q r in-creases, ρ d decreases producing radiation and a new epoch begins. Hence, despite the variation of the Q i , most of an epoch when Ω r ≃ 0 or Ω d ≃ 0 is approximated by a ΛCDM expansion because then either the coupling functions are negligible in the energy conservation equations or they dominate the behaviour of a species when its density is negligible and is thus unable to move the expansion apart from a ΛCDM behaviour.
We now examine the influence of the α parameter. Defining an effec- tive density as ρ def f = ρ m + ρ r + ρ d , its effective equation of state is w ef f = −2/3H ′ H −1 . A similar reasoning can be made for the ΛCDM model, thus defining w ef f (ΛCDM ) . Then, we plot on the first graph of figure  9 the difference w ef f − w ef f ΛCDM for some values of α = (4.1, 4.4, 5, 6) and for the recent epoch 0 < N < 1. We remark that w ef f −w ef f ΛCDM is smaller than 10 −2 . Such a difference is not observable today with available data. However, the figure 4 clearly shows that χ 2 varies slowly but in a detectable way with α. This indicates that the variation of χ 2 with α should be due to the priors. Thus the variation of α should be responsible for a variation of Ω m and Ω r at the CMB redshift z = 1080. This is confirmed by the second graph on figure 9 . The larger α, the larger the matter and the smaller the radiation densities parameters in z = 1080. We also determined the influence of α on the number of e-fold N e during an inflation phase. When α = 4.4, we have N e ≃ 20 as shown on the first graph (gray areas) of figure 6. This seems very few with respect to what is necessary to solve the flatness and horizon problems, i.e N e ≃ 60. However, there is also an infinite number of such inflation phases with the same N e in the past (that take place during the infinite number of previous epochs) and this should be enough to solve the flatness and horizon problems. Nevertheless, we can study how N e varies with α and show that a small variation of α with respect to its best fitting value 4.4 is enough to get N e ≃ 60 already during the last inflation phase. This is illustrated on the third graph on figure 9 . The smaller α, the larger N e . In particular, we have repeated inflation phases with N e ≃ 60 when α ≃ 4.14. This last value is still in very good agreement with supernovae data but would imply that Ω m = 0.72 and Ω r = 0.28 at the CMB redshift. These values are slightly different from the ones predicted by the ΛCDM model. So, either we take α = 4.4, flatness and horizon problems are solved by several inflation phases and we recover the same values as the ΛCDM model for Ω m and Ω r at the CMB redshift. Or we take α = 4.14, flatness and horizon problems are already solved by the last inflation phase but Ω m and Ω r at the CMB redshift have values slightly different from the ones predicted by the ΛCDM model. Finally, let us write some few words about structure formation. A complete study is out of the scope of this paper so we just present some simple calculations. First, our model should be able to generate the large scale structures in the Universe as, for instance, scalar field inflation [34] . To check that, we consider the last inflation phase and we calculate the effective scalar field potential V ef f that our coupled model mimics. Still defining the density of an effective fluid as the sum of all the densities, we rewrite equations (1-4) as
with ρ def f = ρ m + ρ r + ρ d . Summing the energy conservation equation, we also getρ def f + 3H(1 + w ef f )ρ def f = 0 where this time we write w ef f as 1 + w ef f = 3ρ m + 4ρ r 3ρ def f
During the inflation phase ρ def f ≃ ρ d and accelerates Universe expansion.
To find the effective scalar field potential equivalent to ρ def f , we then define the scalar field derivative and the effective potential aṡ
with p def f = w ef f ρ def f and
All the quantities with the "ef f " index can thus be written as some functions of ρ m , ρ r and ρ d that we can obtain numerically. We still consider the best fitting case of our coupled model with α = 4.4 and then get the figure 10 showing the effective scalar field potential during the last inflation phase. It is slowly varying during most part of the inflation period that ends with the potential decays. Calculating the slow roll parameters (dV ef f /dφ/V ef f ) 2 and d 2 V ef f /dφ 2 /V ef f , we find that they are well below unity when the potential is flat. All this is in agreement with the fact that as long as ρ d >> (ρ m , ρ r ) during inflation, w ef f ≃ −1. The coupled model is thus equivalent during an inflation phase to the presence of a scalar field with a flat potential. It should thus be able to generate the large scale structures as the scalar field inflation. Another question is then to know if the large scale structures generated by the coupled model can be in agreement with observations. To answer this question, we calculate the matter density contrast δ m for the coupled model and compare it with the one of the ΛCDM model when the redshift z is in the range 0 < z < 2. Here, we define an effective dark energy as ρ def f = ρ d + ρ r . This allows to rewrite equations (1-4) as Under this form, only the radiation terms have been absorbed in the effective dark energy terms. w ef f now describes an effective dark energy different from vacuum that is coupled to dark matter. This allows to calculate δ m that writes in this case [35, 36, 37] 
Comparing δ m for the coupled model to the one, δ m(ΛCDM ) , of the ΛCDM model when Ω m0 = 0.27 and H 0 = 70, we find that δ m − δ m(ΛCDM ) < 10 −3 whatever α that we tested in the interval 4.1 < α < 10. This means that the predictions about structures formation for the coupled model and the ΛCDM model both fit observational data as well and are indistinguishable with present day observations whose error bars are of the order of 10 −1 [39, 38] .
A concluding remark is that the epoch in which we live is the first one that lasts long enough to allow life emergence. While it could appear as a coincidence, it is interesting to note that it is in agreement with recent results from [40] estimating that Universe will form over 10 times more planets than currently exist.
Conclusion
In this paper, we first look for some necessary conditions on the coupling functions such as Universe exits from inflation to go to a radiation dominated epoch in Ω m(dom) << 1 and Ω r(dom) ≃ 1 and then that its expansion could behave as the one of a ΛCDM model in agreement with our present day Universe. We have shown that the first requirement about inflation to radiation transition implies the necessary condition q r /q m > (Ω r(dom) − 3/4)Ω −1 m(dom) . The second requirement about the ΛCDM model implies the necessary condition that after Universe reaches the point (Ω m(dom) , Ω r(dom) ), q m and q r << 1 near the phase space lines Ω d = 0 and Ω r = 0. Then one of the simplest forms of coupling functions Q m and Q r respecting these two requirements is defined by q m = Ω m Ω r Ω d and q r = αΩ r Ω d . When α > 4, this model describes a Universe starting with a singularity and evolving with endless alternated phases of accelerated and decelerated expansion. It thus unifies inflation and late time acceleration in a same physical phenomenon, repeating periodically. Such an oscillating behaviour has been considered in [41] to help to solve the coincidence problem with an oscillating (uncoupled) scalar field potential. It has also been studied in dark fluid with archimedean-type force where dark matter interact with dark energy [42] , in quintom cosmology [43] or in inhomogeneous plane symmetric space-time [44] . We have shown that the values α = 4.4, Ω m0 = 0.27, Ω r0 = 5.78 × 10 −4 and H 0 = 70 are in agreement with supernovae data and the parameter densities values of the ΛCDM model at the CMB redshift z = 1080. The number of e-fold during the last inflation phase is then around 20. This is small but there was an infinite number of inflation phases with the same number of e-fold before it. Moreover, this number can be increased to 60 by considering slightly smaller values of α if necessary. It then changes a little bit the values of Ω m and Ω r at the CMB redshift with respect to what is predicted by the ΛCDM model and is still in agreement with the supernovae data. We have given some arguments seeming to show that formation structures should take place as with a scalar field inflation and that the matter density contrast predicted by the coupled model cannot be distinguished from the one of the ΛCDM model. The Universe age is similar to this predicted by the ΛCDM model. Moreover, for most of the time of an epoch when Ω r ≃ 0 or Ω d ≃ 0, expansion can be approximated by a ΛCDM expansion, the vacuum energy varying strongly when it is negligible before being nearly a constant when it becomes the dominating species. We would be now (N = 0) entering in a phase approaching a De Sitter behaviour (i.e. H ≃ const.) and that would last around 23Gy. After that time, the vacuum would decay again into radiation and Universe would experiment a new inflation phase with smaller and smaller energy densities.
